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Treatment of Osmotic and Light Scattering Data for Dilute Solutions'?2
By T. G. Fox, Jr., P. J. FLORY AND A. M. BUECHE

Accurate determinations of the molecular weights
of high polymers by thermodynamic methods
require appropriate extrapolation to infinite dilution
from measurements made at finite concentrations.
In the case of the osmotic method it is customary
for this purpose to plot the ratio of the osmotic
pressure to the concentration, 7/¢c, ¥s. the concen-
tration c¢. Light scattering measure-

pendent on the polymer—solvent pair, the tempera-
ture and the molecular weight of the polymer.
This relationship should hold for concentrations
such that (w/c)/(w/c)o is small, 7. e., less than
about three. Equation (1) predicts curvature
which, qualitatively at least, is in accord with that
observed. The corresponding expression for the

ments are handled in an equivalent
manner by plotting ¢/r vs. ¢ where 7 is
the excess turbidity of the solution over 08
that of the solvent. Although it is com-
mon practice to make linear extrapola-
tions in such plots, neither theory nor
experiment justifies this procedure.

Gee and Treloar? were perhaps the
first to show that experimental plots of
w/c vs. ¢ (in this case for rubber in ben-
zene and other solvents) actually are
appreciably concave upwards. This be-
havior appears to be general*®® for vari-
ous polymers except in poorer solvents
(cf. seq.). Gee emphasized the need for
a reliable extrapolation procedure by
means of which the =/c vs. ¢ curves could
be extrapolated to ¢ = 0. Earlier theo-
ries”® did indeed provide relationships
for this purpose, but these have been
shown to be invalid at dilutions such
that the polymer molecules do not over-
lap each other extensively.®

A recent statistical mechanical treat-

log (w/c)/(v/c),.
g
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ment of dilute polymer solutions!® yields
the relationship

m/c = (w/c)o [1 + Tac + (5/8) T2%?] (1)
where the coefficient of the square term

log(T,¢).

Fig. 1.—Log-log plot of (w/c)/(w/c)e vs. Tsc for cyclohexane solutions of
several polyisobutylene fractions at 25°: @ B (0-3), M = 770.000: O C

is given in approximation, and higher (4 gy 3r = 956.000: @ B(9-13). I/ = 78.000; © A(14-23), M = 29.000.¢

terms, important at higher concentra-
tions, are omitted. Here (v/c)¢ =
RT/M, is the limiting value of (v/c) at ¢ = 0, R
being the gas constant, T the absolute tempera-
ture, and M, the number average molecular
weight of the polymer; and T is a parameter de-

(1) This investigation was carried out at Cornell University in
connection with the Government Research Program on Synthetic
Rubber under contract with the Office of Rubber Reserve, Reconstruc-
tion Finance Corporation.

(2) Presented in part before the High Polymer Forum at the Detroit
Meeting of the American Chemical Society, April 18, 1950.

(3) G. Gee and L. R. G. Treloar, Trans. Faraday Soc., 38, 147
(1942). See also H. M. Spurlin, ''Cellulose and Cellulose Derivatives,"’
edited by E. Ott, Interscience Publishers, Tnc., Co., New York, N. Y.,
1943, p. 919.

(4) P. J. Flory, THis JOURNAL, 66, 372 (1943).

(5) C.R.Masson and H. W. Melville, J. Polymer Sci., 4, 337 (1949).

(6) M., J. Schick, P. Doty and B. H. Zimm, TH1is Jour~at, 72, 530
(1950).

(7) M. L. Huggins, J. Chem. Phys., 46, 151 (1942); Ind. Eng. Chem.,
36, 980 (1943).

(8) P. J. Flory, J. Chem. Phys., 10, 51 (1942).

(9) P. J. Flory, ibid., 18, 433 (1945).

(10) P. J. Flory, ibid., 17, 1347 (1949);: P. J. Flory and W. R, Krig-
baum, J. Chem. Phys., 18, 1086 (1950).

The curve represents the theoretical relationship expressed in equation (1).

turbidity is

(c/7) = (¢/m)o [1 + 2T2c + (15/8)T1%?] @)
from which higher terms have been omitted, as in
equation (1).

It is the purpose of the present paper to examine
the adequacy of equation (1) for the representation
of osmotic pressure—concentration data from the
literature, and to illustrate the application of
equation (2) to turbidity measurements using
new data obtained on polystyrene in benzene.
It should be pointed out that theory!® permits
derivation of the coefficients of ¢? in equations (1)
and (2) only for the case of homogeneous polymers,
and then only in an approximate manner; a
corresponding evaluation of these third coefficients
for heterogeneous polymers appears to be out of the
question at present. While it is plausible to assume
that the relationship of the second to the third
coefficient as specified by equations (1) and (2)
is not much affected by molecular weight hetero-
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geneity (and, hence, that the shape of the =/c
vs. ¢ and the ¢/7 vs. ¢ curves are the same for
heterogeneous as for homogeneous polymers),
this matter remains to be settled by experiment.

Method of Treating Data.—For the purpose
of comparing equation (1) with experimental data,
the logarithm of the quantity in brackets in equa-
tion (1) was plotted against log ¢ on transparent
graph paper. This was superimposed on a plot
of the experimental data expressed as log (r/c)
vs. log ¢ using the same scale as above, the cal-
culated curve being shifted to obtain the best
possible fit while keeping the uxes of the two
graphs parallel. The values of (7/c)o and Ty
were obtained directly from the displaceinents
between the respective axes of the two graphs,
Only those sets of data were selected from the
literature which offer au adequate number of
points in the required region (m/c)<3(w/c)u
and which were sufficicutly accurate for a siguifi-
cant test of equation (1).

Light scattering data for polystyrene in benzene
were treated similarly using for this purpose equa-
tion (2) in place of (1.

Application to Osmotic Measurements.-——Os-
motic data for cvclohexane solutions of four
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Fig. 2.—Osmotic pressure-conceutration ratio vs. cou-
centration for the solvent-polymer puairs: curve 1, poly-
acrylonitrile in dimethylformamide at 13.5°; curve 2 and
4, polyvinyl acetate G-25 and 2410, respectively, iun ben-
zente at 20°; ecurve 3, polyacenaphthylene in benzene at
25°; eurve 3, polyvinyl xylene VI/106 in benzeune at 24°;
curve (G, polyutethyl methacrylate PM-1 in henzene at
16°.5 The curves were calculated by equation {1} using
tle parameters of Table 11
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polyisobutylene fractions! were treated as de-
scribed above. In each case it was possible to fit
the values of /¢ to the theoretical curve based on
equation (1); the values of (/c),, the molecular
weights calculated therefrom, and the T, values
thus obtained are given in Table 1.

TABLE [

OsMoTic DATA FOR SOLUTIONS 0r POLYISOBUTYLENE FRAC-
TIONS IN CYCLOMEXANE AT 25°4

Polyiuer 1nitial
designa- slope,
tion {m, c)o" M 1y (w/c)ols
B(0-3) 0.33 770,000 2.95 0.98
C(4-9) 0.99 256,000 1.26 1.25
B(9-13; 3.24 78,000 0.50 1.62
A(14-25) 8.67 29,000 0.22 1.91

*ar gl sq. et ¢ in g/ 100 cc.

Representation of these data by equation (1)
is illustrated by the log-log plot of (w/c)/(w/c)q
vs. 1¢ for these four polymers shown in Fig. 1.
The curve has been calculated by equation (1).
The agreement between theory and the experi-
mental data for concentrations such that (w/c)/
(w/cjo<8 appears to be within the experimental
error as judged by irregularities. The present
values of (w/c); are in agreement with those pre-
viously reported.* For the two polymers of highest
molecular weight these were independently estab-
lished previously? from measurements of = in the
pour solvent, beunzene, wherein the ratio =/c is
nearly independent of ¢ and hence the extrapolation
is greatly simplified. Examination of Table I
shows that T increases with molecular weight,
but (w/c* 1, representing the initial slope of the
w;/¢c vs. ¢ plot, decreases with increase in /. The
magnitude of this change is in approximate accord
with the theoretically predicted! constitution of
Ts.

The excellent osmotic data of Masson and Mel-
ville® on unfractionated polymniers are also repre-
sented satisfactorily by equation (1). All of these
data are within the range wherein (z/¢)/(w/c)o<3.
In Table II are given the polymer-solvent coiu-
binations they employed, the values of (w/c)o
and T, obtained here, and the values of (x/c)s ob-
tained by Masson and Melville’s empirical extra-
polation. The values of (x/c)y resulting from the
use of equation (1) are generally higher than those
of Masson and Melville by amounts varying
from 1 to 309, and the discrepancy usually in-
creases with increasing A/. The values of To(w/c)y
depend on the nature of the solvent-polymer pair
as should be expected and, even for the narrow
range covered liere, they decrease with increasing
molecular weight. A comparison of the =/¢ wvs.
¢ relationship calculated by equation (1), using
the parameters of Table II, with the corresponding
experimental poiuts for several of these polymers
is given in Fig. 2. ‘The agreement between equa-
tion (1) and the data for these unfractionated
polymers is even better than that found for the
fractionated polyisobutylenes above,

The osmotic data of Schick, Doty aund Zimim®
on an unfractionated polystyrene in cyclohexane
and cthyl acetate, although somewhut scattered.
may be represented by equation (1) over the range
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TasLE 11
OsmoTic DATA OF MASSON AND MELVILLE®
Polymer (w/ch? Nature of Masson 1nitial slope,
desig- Masson and From and Melville (m/c)e
nation Melville Equation (1)b Ratio extrapolation b X T
Polyvinyl acetate in benzene at 20°
G-25 2.73 2.68 = 0.08 0.98 = 0.03 Non-linear 0.42 = 0.05 1.13
1221 2.06 2.11 = .08 1.03 = .04 Non-linear .48 = .02 1.01
G-45 1.77 1.93 = .10 1.00 = .06 Non-linear .48 = .03 0.93
G-60 1.30 1.56 = .07 1,19 = .05 Non-linear 51l = 05 .79
2410 1.17 1.34 = .05 1,156 = .04 Non-linear 61 = 05 .82
Polyvinyl acetate in methyl acetate at 20°
G-45 1.84 2.05 = .07 1.11 = .04 Littear 0.52 = .04 1.07
Polymethyl methacrylate in benzene at 16°
PM-1 0.34 0.36 = 0.02 1.06 = 0.06 Non-linear 1.00 = 0.10 0.36
PM-2 .25 .244 = 01 0.98 = .04 Non-linear 1.45 = .12 .35
PM-3 .14 .184 = .01 1.33 = .07 Non-linear 1.50 = .20 .28
Polyvinyl xylene in benzene at 24 °
VI1/106 0.96 0.97 = 0.01 1.01 = 0.01 Linear 0.70 = 0.03 0.68
VI/112 .80 .84 = 02 1.05 = .03 Linear 77 = .06 .65
Vi/27 .57 .60 = .05 1.06 = .09 Linear 1.00 = .15 .60
Polyacrylonitrile in dimethylformamide at 13.5°
7.2 6.93 = .05 0.06 = .01 Non-linear 0.78 = .01 5.4
Polyacenaphthylene in benzene at 25°
2.41 2.43 = 0.02 1.01 =0.01 Linear 0.25 = 0,02 0.61

¢ ¢ it em. of H,O, ¢ in g./100 ce.

" The precision of the values of these purameters was estimated i1t each case by deter-

mining visually the lintiting positions of the theoretical curve which represent the data within the experimeutal error in the

latter,

wherein (w/c)/(7/c)o<3. The data for toluene
falling in this range are too few to permit com-
parison with equation (1); for methyl ethyl ketone
the scatter of the data permits only an approxi-
mate determination of the parameters of this equa-
tion. The values of the parameters obtained here
for these solvents are given in Table III. The
(w/c)o values agree with those reported by the
above authors. They fitted their data empirically
to a three parameter equation, # = R7T(Bic +
Bac? + Byc®), over much wider ranges in =/c
than is legitimate for the application of equation
(1), hence their second and third virial coefficients
are not to be compared directly with the parameters
of Table III. (Furthermore, the second and third
virial coefficients reported by them appear to be
unrelated to one another.) In Fig. 3 plots of
(r/c)/(w/c)o — (5/8)Te%? vs. ¢ are shown for
cyclohexane and ethyl acetate. The data when
reduced in this way, employing the parameters of
Table III, are well represented by the straight
lines corresponding to equation (1).1%1?

According to the foregoing analysis of osmotic
data, equation (1) is equally applicable to frac-
tionated and unfractionated polymers. Thus,
although the magnitude of T'y should depend some-
what on heterogeneity,? the form of the =/c vs. ¢
relationship apparently is insensitive to hetero-
geneity, as was anticipated.!

(11) The present authors concur with the conclusion of Schick, ef al.,
that these data indicate a specific dependence of the entropy of dilution
of polymer with solvent on the nature of the solvent. This observa-
tion, which is contrary to all previous assumptionts, was arrived at
independently from an investigation of the intrinsic viscosity-tem-

perature relationships for polyisobutylene.12
(12) T. G, Fox, Jr., and P. J. Flory, in press.

1 T T L

ETHYL 4CETATE ©

49°

o 4

(w7C)/(m/C)y— 5/8 I;c )
)

CYCLOHEXANE
so.

»
T

-0 2.0

¢] l.lO
€ (gm./100 cC.),

Fig. 3.—A plot illustrating the linearity of the («/c)/
(m/c)s — 5/8(T2c)? vs. ¢ relationship for dilute solutions of
polystyrene in varlous solvents.® The circles represent the
experimental data: the straight lines correspond to equa-
tion (1), The values of (x/c)y and Ty are from Table III.
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TaBLE 111

OsMOTIC DATA 0or ScHICK, Doty ANp ZmmM® oN PoLvsry-
RENE 0F /. 540,000

Solvent T, °C. {mic)p 12
Cyclohexane 19 0.522 0.26
(5] LA30 46
Ethyl acetate 27 486 39
49 022 43
Methyl ethyl” 27 486 68
ketone 49 522 D2

“q iu g,/sq. cm., ¢ in g./100 ce. " The values for the
parameters for methyl ethyl ketotie are approximate in
nature.

Turbidities of Dilute Polystyrene Solutions.—
The polystyrene employed in the present light
scattering investigations was obtained by the
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urements were made on these at room tempera-
ture with the 90° scattering instrument described
by Debye.!* The data obtained when plotted as
¢/7 vs. ¢ (Fig. 4) exhibit curvature as predicted.
The curved line in this figure was calculated by
equation (2), using values of 114 and 0.85 for (¢/7)q
and T, respectively, where ¢ is expressed as g./100
cc. These data indicate the adequacy of the
theory in the range when (¢/7)/{c/7)o<4, which
should correspond to (w/¢)/(w/c)y<2.3. The molec-
ular weight calculated from (¢/7), is 288,000
which compares favorably with the M, value of
200.000. The fact that the I's value obtained in
the present case is higher than those for the sol-
vents listed in Table III, even though the latter
were obtained for a polystyrene of higher molecular
weight (M, = 540,000), is indicative of the fact
that thermodynamically ben-

i ¥

Polystyrene
. in Benzene
at 25°

500

/1

100 1 1

T zene is a better solvent for poly-
styrene.

The various experimental re-
- sults on the osmotic pressures
o of solutions of fractionated
polyisobutylenes* and of un-
fractionated polystyrene® and
on the turbidity of benzene so-
lutions of a fractionated poly-
styrene exhibit negative devia-
-{ tions from the extrapolations of
equations (1) and (2) to higher
concentrations. These equa-
tions should not be employed
for data obtained at high con-
centrations.

- Conclusions

The osmotic pressure expres-
sion, equation (1), obtained
from the recent theory of dilute
polymer solutions adequately
represents the x/c vs. ¢ relation-
ship for a variety of polymer—
solvent combinations including

oS 10

¢ in gm./1oomi.

Fig. 4.—A4 plot of ¢/r 2s. ¢ for a polystyrene fraction of .7[/,, = 290,000 in ben-
The curved line was calculated by equation (2) using values of (¢/7)

zene at 25°,
and T of 114 and 0.85, respectively.

fractionation of a polymer of viscosity average
molecular weight (M,) of 250,000, which was
polymerized in bulk from styrene at 60° in the
presence of 0.1 mole per cent. benzoyl peroxide.
The fractionation was made at 30° from methyl
ethyl ketone wherein the initial concentration of
the polymer was 2.0 g./100 cc., employing methanol
as the precipitant. Six fractions were separated
and the third of these, representing about 159,
of the whole polymer and having a viscosity
average molecular weight of about 290,000, was
employed in the experiments here described.
Solutions of this fraction in benzene were prepared
individually and each was filtered through a fine
sintered glass frit to remove extraneous sources
of turbidity insofar as possible. Turbidity meas-

'3 both homogeneous and hetero-
geneous polymers. The equa-
tion applies only in dilute solu-
tions where (w/c)/(w/c)o<3.
This success in analysis of ex-
perimental results over wide
molecular weight ranges, in-
cluding examples wherein the initial slope and
curvature of the 7/c vs. ¢ plots are small as well
as cases where these are pronounced, is indicative
of the validity of the form of equation (1) where
the third virial coefficient is related to the square
of the second. Accurate confirmation of the nu-
merical coefficient (5/8), on the other hand, will
require further precise data.

As predicted, the initial slope and curvature of
these plots vary with molecular weight of the

(13) P. Debye, Anun. N. V. Acad. Sci., 81, 575 (1949).

(14) This represents a molecular weight corrected for the small
dissymmetry (1.2) based on the turbidity of the Cornell-Dow Styron
sample of 3.57 X 1073, This value for the standard turbidity is some-
what higher than the value of 2.74 X 1073 found using the “absolute
camera.” If the latter value is used, the molecular weight becomes
221,000.
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polymer and with the nature of the polymer-
solvent combination. Although the values of
(w/c)o obtained by other extrapolation methods
where the molecular weight is low do not differ
substantially from those obtained through the
use of equation (1), this difference does become
important as M increases. Finally, data on the
¢/ vs. ¢ relationship for dilute solutions of poly-
styrene in benzene indicate curvature, and these
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are adequately represented by the theoretical ex-
pression, equation (2), in the range where (¢/7)/
(¢/m)0<4. In view of these observations, gen-
eral use of equations (1) and (2) is recommended
for the evaluation of molecular weights and of
thermodynamic parameters T, from osmotic and/
or light scattering data on dilute solutions of
polymers.

ItTHACA, NEW YORK RECEIVED JuLy 11, 1950
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Investigations on Proteins and Polymers.

IV.t Critical Phenomena in Polyvinyl

Alcohol-Acetate Copolymer Solutions

By F. F. Norp, M. Bigr? AND SERGE N. TIMASHEFF

Introduction

In a previous communication it has been reported
that the state of aggregation of polyvinyl alcohol-

acetate copolymers (PVA-A) in aqueous solutions -

depends upon their thermal history.!® Using the
light scattering method of investigation it was
shown that an increase in temperature is followed
by an aggregation of the polymer, while a decrease
in temperature induced the polymer to disaggre-
gate. These findings thus extend earlier® observa-
tions that subfreezing temperatures affect the state
of aggregation of this and other colloids.

This property of the polymer can be analyzed in
terms of thermodynamics of polymer solutions and
phase separation. According to the early Flory-
Huggins theory, the partial molal free energy of the
solvent, AF;, may be expressed*® as a function of
the volume fraction of the polymer, v,, by

—AF = RTw(l/x + (1/2 — wm + /8 + ...1 (1)

where «x, the degree of polymerization, is defined as
Va/V,, i.e., the ratio of the partial molal volumes of
solute and solvent. Moreover, it is known that the
turbidity, 7, of a solution can be correlated to the
partial molal free energy by

1 d(aF)

He/r = —-————RTVI 5

= 1/M + 2Bc + 3Dc* + ...

@
where the coefficients B and D have been previously
defined.!e

The shape governing factor of equation 1 is the
second term (1/, — u), where

u =8+ («/RT) 3

(1) For previous communications of this series see: (a) M. Bier
and F. F, Nord, Proc. Natl. Acad. Sci., 38, 17 (1949); (b) S. N. Tima-
sheff, M. Bier and F. F, Nord, 7bid., 36, 364 (1949); (c) S. N. Tima-
sheff, M. Bier and F. F. Nord, J. Phys. Colloid Chem., 53, 1134 (1949).

(2) Some of the material discussed here is abridged from a part of
the dissertation submitted to the Graduate Faculty of Fordham Uni-
versity in partial fulfillment of the requirements for the degree of Doc-
tor of Philosophy, 1950.

(8) (a) F. F, Nord, Science, 78, 54 (1932): (b) F. F. Nord, Ergebn.
Engymforsch., 2, 23 (1933); (c) H. Leichter and F, F. Nord, Biochem.
Z., 298, 226 (1938); (d) L. Holzapfel and F. F. Nord, Biodynamica,
8, No. 67 (1940); (e) L. D. Rampino and F. F. Nord, THIS JoURNAL,
68, 2745 (1941).

(4) (a) M. L, Huggins, THIs JoUurRNaL, 64, 1712 (1942); (b) M. L.
Huggins, Ann. N. Y. Acad. Sci., 43, 1 (1942); 44, 431 (1943).

(5) P.J. Flory, J. Chem. Phys., 10, 51 (1942): 18, 453 (1945),

B being the empirical entropy contribution factor,
and a/RT the heat of dilution term. When the
term (1/; — u) is positive, — AF; increases continu-
ously with polymer concentration, the solvent and
polymer being miscible in all proportions. When
this term becomes sufficiently negative, the curve
of partial molal free energy will pass through mini-
mum and maximum values, the solution separating
into two phases. The condition for incipient sep-
aration of phases is given by

Heritieal = (1 + '\/5;)2/2-” 4

the free energy curve passing by a point of inflec-
tion. Equation 4, of course, applies strictly only
in a monodisperse polymer solution.

In Fig. 1 the values of the average particle
weight and gexpu., calculated in the usual manner,
8.1 are plotted against temperature for two differ-
ent samples of PVA-A (du Pont Elvanol, Grade
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Fig. 1.—Comparison of uexptt. and particle weights at

different temperatures of two samples of non-fractionated
PVA-A: A,lot LB 76; B, lot JB 276,



